Infinite hierarchies of nonlocal symmetries 
of the Chen— Kontsevich— Schwarz type 
for the oriented associativity equations 

A. S ERG YE YE V 

Mathematical Institute, Silesian University in Opava, 
Na Rybmcku 1, 746 01 Opava, Czech Republic 
E-mail: Artur . SergyeyevOmath . slu . cz 

Ch ■ 

5 : June 14, 2009 

We construct infinite hierarchies of nonlocal higher symmetries for the oriented associativity equa- 
tions using solutions of associated vector and scalar spectral problems. The symmetries in question 

T^" 1 ! generalize those found by Chen, Kontsevich and Schwarz [ID] for the WDVV equations. As a byprod- 

uct, we obtain a Darboux-type transformation and a (conditional) Backlund transformation for the 

^ oriented associativity equations. 

i> Introduction 

> • 
r- : 

The Witten-Dijkgraaf-Verlinde-Verlinde (WDVV) equations [HE], and the related geometric structures, 
in particular, the Frobenius manifolds [3] [8], have attracted considerable attention because of their man- 
q ■ ifold applications in physics and mathematics. 

oo ! 

O . More recently, the oriented associativity equations, a generalization of the WDVV equations, and the 
related geometric structures, F-manifolds, see e.g. [7J [IH1, have also become a subject of intense research, 
g ! These e quatl0ns nave fc* appeared m ,3, Propoi 11 2.3] a S tbe e qU a tl on S for tbe displ— vecto, 
The oriented associativity equations describe inter alia isoassociative quantum deformations of commuta- 
tive associative algebras [HI [15], cf. also [T6]~[T9]. 

The oriented associativity equations (jBJ) admit the gradient reduction (1431 to the "usual" associativity 
equations (jSj). Equations (jUJ and the so-called Hessian reduction (see [201 [2D 1221 1231 121] and [H]) of 
the oriented associativity equations naturally arise in topological 2D gravity [H125], singularity theory and 
complex geometry (see e.g. [HE]), and in differential geometry and theory of integrable systems, see [8], 
[26] [36] and references therein. 

There is a considerable body of work on the symmetry properties of the WDVV equations, see e.g. 
[371 1381 [391 HH1 HI] for the point symmetries of the WDVV and generalized (in the sense of [12] and ref- 
erences therein) WDVV equations, [H 03J 0H 05] and references therein for finite symmetries, Backlund 
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transformations and dualities, and EH El SB] arid references therein for the higher symmetries and 
(bi-)Hamiltonian structures for the WDVV equations, and also for (jHJ), in three and four independent 
variables. Although the approach of [261 HH1 El HE] in principle could [26j be generalized to the WDVV 
equations in more than four independent variables, this was not done yet. Nevertheless, in [33,40] infinite 
sets of nonlocal higher symmetries for the WDVV equations were found. To the best of our knowledge, 
higher (or generalized |49j) symmetries of the oriented associativity equations in arbitrary dimension were 
never fully explored. 

The goal of the present paper is to construct nonlocal higher symmetries for the oriented associativity 
equations equations using, in analogy with [40], the solutions of auxiliary spectral problems. We show 
that the very solutions of the vector spectral problem 0, either per se or multiplied by a suitably chosen 
solution of the scalar spectral problem ( ffOj) with the opposite sign of the spectral parameter, indeed are 
(infinitesimal) symmetries for the oriented associativity equations (JED, see Theorem [1] below for details. 
The fact that solutions of Q) are symmetries for ([8]) is quite unusual in itself, as symmetries typically turn 
out to be quadratic [50] rather than linear in solutions of auxiliary linear problems. 

Upon performing the gradient reduction to the "usual" associativity equations ( 1441) we reproduce the 
results of [10], see Corollaries [6] and M below. However, not all nonlocal symmetries from Theorem [T] survive 
the gradient reduction and yield symmetries for (j44]) . see Corollary [6] and the subsequent discussion. 

Expanding solutions of the spectral problems into formal Taylor series in the spectral parameter yields 
infinite hierarchies of nonlocal higher symmetries for (El) and (PHI) , see Corollaries H] and M below. 

Finally, as a byproduct, we obtain a Darboux-type transformation and some Backlund-type trans- 
formations relating the solutions of "usual" and oriented associativity equations, see Proposition [1] and 
Corollaries [11] and [12] for further details. These transformations, as well as the nonlocal symmetries 
discussed above, could possibly yield new solutions for the oriented and "usual" associativity equations. 



1 Preliminaries 

Let the Greek indices a, /3, 7, . . . (except for A, /x, rj, (, a, r, x, 0, i>) run from 1 to n, where n is a fixed nat- 
ural number, and summation over the repeated indices be understood unless otherwise explicitly stated. 
In what follows we also assume that all functions under study are sufficiently smooth for all necessary 
derivatives to exist. 

Consider the oriented associativity equations, see e.g. [TOj-fll]. for the structure "constants" c^Jx 1 , . . . , 



x n ) of a commutative (c° = ) algebra: 



p v p P — p v r P (-1) 

dxP dx?' K ' 
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The condition ([T]) means that the algebra in question is associative, and ([2]) means that we consider 
isoassociative [H] quantum deformations of the algebra in question. 

The oriented associativity equations flTJ), (j2J) can be written as compatibility conditions of the Gauss- 
Manin equations, see e.g. [U [7J [T3|, for a scalar function x(X) (for the sake of brevity we shall often omit 
below the dependence on x 1 , . . . , x n ): 

d 2 x(X) = A „ dxW ^ 

Here A is the spectral parameter. These equations have a very interesting interpretation, with \ playing 
the role of a wave function, in the context of quantum deformations of associative algebras [H] . 
We also have a zero-curvature representation for ([!]), ([2]) of the form (see e.g. [6l W2\ ) 

where we again omit, for the sake of brevity, the dependence of ip a on x 1 , . . . , x n . In other words, Eqs.fpQ), 
(J2J) are precisely the compatibility conditions for (j3J). The quantities ip a {X) are nothing but the components 
of a generic vector field which is covariantly constant (in other terminology, parallel or flat) with respect 
to the covariant derivative associated with the one-parametric family of flat connections —Xc" p . 

Upon introducing the quantities Q (A) = dx{^)/dx a Eq.Q can be written in the first-order form as 

d<j> a {\)ldxP = Xc s ap( j) S {X). (5) 

Quite obviously, the spectral problem (j5J) is, up to the change of sign of A, adjoint to (BJ. 
Now let x a (A), oi = 1, . . . , n, be the solutions of (j3J) normalized by the condition 

X a (X)\x =0 = x a . 

It is well known (see e.g. [H [H [H]) that \ a are nothing but flat coordinates for the one-parameter family 
Ac" K of flat connections (the flatness readily follows from <^ and (j2J)). 
Following P, H] , we can represent \ a m t ne form 

X a (X) = x a + XK a + 0(X 2 ), (6) 

where K a = K a (x 1 , . . . ,x n ) is the so-called displacement vector. Plugging into ([3]) and restricting our 
attention to the terms linear in A yields 

- lfK ' (7) 



The ansatz (|7j) automatically solves (|2J), and ([T]) boils down to the overdetermined system 

Q2 R u Q2 R p Q2 K p Q2 R u 

dx a dx p dx^dx 1 dx a dxP dx p dx^ 
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for K a . In what follows we shall refer to this system as to the oriented associativity equations just as we 
referred to ([T]), (j2J), as, in combination with (jTJ), Eq.® is equivalent to ([T]), (j2J) provided c" p = c°t v . 
Of course, the equations obtained by plugging ([7j) into (jl]), that is, 

dip a (\) d 2 K« 

= A &^^ (A) ' (9) 

provide a zero-curvature representation for ([S]). 

Likewise, plugging ([7j) into (j3J) yields a scalar spectral problem for (jSJ): 

g 2 x(A) _ <9 2 K- gx(A) (10) 
dx a dx~f dx a dx"< dx u 

2 Darboux-type transformation for oriented 
associativity equations 

It is well known, see e.g. [U Appendix B], [37] and references therein, that there exist changes of variables 
that leave the second derivatives of the prepotential unchanged and map solutions of the (generalized) 
WDVV equations into new solutions. Quite interestingly, there is a change of variables of this kind 
that involves [37J a solution of the spectral problem (jlj), and thus can be thought of as a Darboux-type 
transformation. 

It turns out that this transformation is readily generalized to the oriented associativity equations. 
Namely, the following assertion holds. 

Proposition 1 Let K a satisfy fiEj) andip a (\) solve the spectral problem Suppose that 

detd^ Q {X)/dx f3 £ 0, 

introduce new independent variables 

x a = i; a (X), (11) 
and define (locally) new dependent variables K 13 by the formulas 



dx~< dx~< 

Then 



(12) 



dxf>d&' (13) 



d 2 K a 

3: 

where K a = K a (x) are determined from [W) , satisfy 
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Proof. First of all, we need to show that (IT2|) is well-defined, i.e., that there exist, at least locally, the 
functions K a (x) such that f|T2|) holds. Quite clearly, this amounts to proving that we have 

d 2 K a d 2 K a 



dx^dx 1 dx^dxP ' 

or equivalently (by virtue of ( fl2l) ). 



(15) 



Q2 K a Q2 K a 

(16) 



dxPdx~/ dx^dxP 
From ([121) we have 

d 2 K a d 2 K a dx £ _ a dx £ 

dx^dx 1 ~ dx?dx e dx 1 ~ Cfi£ \jp' ^ ' 

Hence, 

Q2 K a d 2 R a f dx £ a dx £ \ 

dxPdx-r ~ dx^dx^ ~ \ p£ difi ~° ie ~d^)' ^ ' 

We want to show that the expression on the left-hand side of ffl8l) vanishes. But this is equivalent to 
vanishing of the following quantity: 

p„ , < a chf_ _ c a (hf_^ dip"' dip 13 



pv V ^ 7 J£ d^ J 8xp dx 

Using the obvious identity 

dip 1 dx p _ 
~dxPd^ ~ v1 

where 5 1 is the Kronecker delta, we find that 

dip 13 a dip 1 



B° = d 



-XX 



Now using (j3J) we obtain 



and thus 



so (TT5T) indeed holds, i.e., 



B a = X (c a c 1 - c a c 7 )ib K § 



Q2 K a Q2 K a 

o, 



dx^dx 1 dx^dxf 3 



c% = Sfc. (19) 
Now we only need to prove that (|14p holds, or equivalently 

~ = °- (20) 

Using (TIID, (HZD and (TIB]) we obtain 



dx 6 dx £ 
: lhpP = lhpP^ £ ' 
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Using (j2Tl) for c^ 7 in the first term of (l2~Uj) and for c" 7 in the second term of f)20p . and the formula that 
immediately follows from (JTj 



° Kp ~° KV !hfp' 

for c^, in the first term of (1201) and for cL in the second term of ( 1201) . we see that the expression on the 
left-hand side of ( 1201) boils down to 

~ a ~ 7 _ s« sr _ ( a 7 _ r " r M -n r?2^ 

and thus ffT4l) indeed holds. □ 



3 Nonlocal symmetries for oriented associativity equations 

Recall (see e.g. (59j EH [521 E3J) that an (infinitesimal higher) symmetry for the oriented associativity 
equations ([S]) is an evolutionary vector field X = G a d/dK a such that G a satisfy the linearized version of 
(JHD, that is, 

d 2 G v d 2 K p d 2 K v d 2 G p d 2 G p d 2 K u d 2 K p d 2 G u 



dx a dx p dx^dx^ dx a dx p dx^dx^ dx a dx< 3 dx p dx^ dx a dx 13 dx p dx~< ' 
modulo (jHJ) and differential consequences thereof (or, informally, on solutions of (jHJ)). This is equivalent to 
compatibility of (jHJ) with the flow associated with X, that is, 

dK a /dr = G a . 

A straightforward but somewhat tedious computation proves the following generalization of the re- 
sults of Chen, Kontsevich and Schwarz jlO] (see Corollary [6] below for the latter) to the case of oriented 
associativity equations. 

Theorem 1 The evolutionary vector fields 

^(AW and ^(A)x(-A)- C 



where ip a (A) satisfy (Tj|) ara^x(A) satisfies [W\) . are nonlocal higher symmetries for the oriented associativity 
equations i.e., the flows 

dK a 

rw, (24) 



dK a 



day 



^ Q (A)x(-A), (25) 



are compatible with (TJj). 
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Informally, compatibility here means that the flows (j24p and (125*]) map the set S of (smooth) solutions 
of (jSJ) into itself, i.e., S is invariant under the flows ([241 and ([251) ; see e.g. [511 E2l [53], EU (55] [56] and 
references therein for the general theory of nonlocal symmetries. In a more analytic language, Theorem [1] 
states that G a = ip a {X) and G a = tp a {X)x{-X) satisfy (J23J provided ©, © and (pTOJ) hold. 

An unusual feature of the symmetries ip a (X)d/dK a from Theorem [1] is that they are linear (rather than 
quadratic, as it is the case for many other systems, cf. [50]) in the solutions of auxiliary linear problem. 

It is natural to ask whether the flows (124]) and (125]) are integrable systems in any reasonable sense. 
The following result provides linear spectral problems for these flows and thus suggests their integrability. 

Corollary 1 The flows (Efy and I[2d*\) can be (nonuniquely) extended to the flows for the quantities ip a {n) 
and x(aO as follows: 



dr. 



A/< K <(A)W), (26) 



A 



W) V ^(A)M^, (27) 



dr\ X + ii dx 



(28) 



^ = T^0"(A)%^X(-A). (29) 
oa\ X + n ox v 

In particular, by Corollary HI Eq. (126]) together with the system 

dTip) d 2 K a 

-^ = »dx^ r{ ^ (30) 
provide (assuming that ([9]) holds) a zero-curvature representation for the extended system ([HI), ( |24l) . and 
thus ensure integrability thereof. 

Likewise, the flow (125]) is integrable because Eq. (l30]) along with the system 

dx a dx? ^dx a dx? dx s 1 ' 

and ([28]) . ([29]) provide (assuming that ([9]) and ([TO]) hold) a linear spectral problem for the extended system 
©, (f25l) . i.e., ([8]) and f[25[) are precisely the compatibility conditions for ([28]) - ([3T]) . and integrability of the 
extended system in question follows. 

Using the extended flows from Corollary [1] we readily obtain the following result: 

Corollary 2 All flows pL""[ ) and I[2d*\) commute for all values of parameters X and \x: 

Q2 K a ^ Q2 K a q2 R a q2 R a Q2 R a Q2 R a 

drxdr^ dr^drx drxda^ da^drx da x d(y^ da^dax' 
It is important to stress that this result per se does not imply commutativity of the extended flows 
from Corollary [lj However, a straightforward computation proves the following assertion. 
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Corollary 3 The extended flows l&b}) . (OFfy commute, i.e., for all values of X, /i and ( we have 

d 2 K a d 2 K a d 2 ip a (() d 2 4) a {() d 2 X (C) d 2 X (C) 



drxdr^ 



dr n dr x 



<9t a <9t m dr tl dr: 



tiUTx 



(32) 



We intend to study the remaining commutation relations for the extended flows in more detail elsewhere. 



4 Expansion in the spectral parameter and nonlocal potentials 

Now consider a formal Taylor expansion for ip a in A, 

oo 

rw = J2^ xk - ( 33 ) 

k=0 

It is immediate from Theorem [1] that ip^d/dK a are symmetries for ([8]), i.e., the flows 

dK a 

__ = ^, fc = 0,l,2,..., (34) 

are compatible with ([8]). 

We readily find from the following recursion relation: 

l^ = ^i^^- 1 ' fc = 1 ' 2 '"" (35) 
For k = we have dip^/dx^ = for all j3 = 1, . . . , n. 

Now let (wo)p = 5p, where 8% is the Kronecker delta, and {w\)% = dK a /dx@. Define recursively the 
following sequence of nonlocal quantities: 



dx a dx a dxP 

We have 



{wk-tX, A; = 2,3,... (36) 



k 

i>Z = J2 h K w ^ fc = 0,1,2,..., (37) 

j=0 

where are arbitrary constants. 

In analogy with ( 1331) . consider a formal Taylor expansion for x in A, 

oo 

xW = Y,^ Xk - (38) 

fc=0 

We obtain from (TTUT) the following recursion relation: 



d 2 Xk d 2 K» d X . 



dx a dx~< dx a dxi dx 



k= 1,2,.... (39) 
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Set Vq = x a , vf = K a , and, in analogy with §6§ and (1551) . define the following sequence of nonlocal 
quantities v f , /3 = 1, . . . , n: 



d 2 vl d 2 K» 



k = 2,3,... (40) 



dx a dxt dx a dx"< dx v 

In terms of geometric theory of PDEs, see e.g. [5T1 [521 [55], [56| , the quantities (wk)g and v^, a, /3, 7 = 1, . . . , n, 
k = 2, 3, ... , define an infinite-dimensional Abelian covering over (|SJ). 
We have the following counterpart of f[37|) : 

fc 

Xfc = + XI d *-i.7 u i > *: = 0, 1, 2, . . . , (41) 
i=o 

where bk and d J)7 are arbitrary constants. 
Using (J33D and (1581) we readily find that 

fc 

'""" 7 fc-i- 



^(A)x(-A) = X p%\\ p a k d ^ J>1)^ 



fc=0 j=0 

It is now immediate from Theorem [1] that (wk)pd/dK a and p%d/dK a are symmetries for (jSJ), and for 
k > 2 these symmetries are nonlocal. 

What is more, using Corollary [1] we readily obtain the following result. 

Corollary 4 The oriented associativity equations have infinitely many symmetries of the form 

i=o 

and a// associated flows, i.e., 

Q2 R a Q2 K a Q2 R a Q2 R a Q2 R a Q2 R a 



commute: 



k, I = 0, 1, 2, . . . , a,P,'Y,6,v,p = l,...,n. 

It is readily seen that the symmetries Xk,p and YP and the associated flows are nonlocal for k > 2. We 
stress once more that the part of Corollary H] about commutativity of the flows associated with Xk,p and 
makes substantial use of the extended flows from Corollary [T] which are not uniquely defined. Moreover, 
Corollary H] does not imply commutativity of the extended flows associated with the symmetries X^p and 
Y^ . However, the flows associated with the symmetries Xk t p do commute after a (suitable) extension to 
the variables (wk)p- Namely, using Corollaries CD and [3J we readily arrive at the following assertion. 
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Corollary 5 The flows 

OK 



(42) 



d -^f- = cU^-iMw^X, 1 = 0,1,2,... 



where (w )p = 5^, (wi)^ = dK a /dx^, and we set (w_i)jg = for convenience, commute for all 7 



1, . . . , n and all k, I = 0,1,2, ... . 



Equivalently, the evolutionary vector fields 



5 5 5 * * * 5 



1=2 



commute, i.e., [Xk^,Xi a ] = (see e.g. [51] for the definition of the bracket [,}), for all /3,j = 1, . . . ,n 
and all k, I = 0, 1, 2, ... . 

Thus, the oriented associativity equations (jHJ) possess an infinite hierarchy of commuting flows whose 
existence reconfirms integrability of (151) . 

5 Nonlocal symmetries for the gradient reduction 
of oriented associativity equations 

Following [14] , consider the so-called gradient reduction of (jSJ). Namely, assume that there exist a nonde- 
generate symmetric constant matrix rj al3 and a function F = Fix 1 , . . . , x n ), known as a prepotential in 2D 
topological field theories [HOE], such that 

K a = r] a ^dF/dx p . (43) 

Then (JSJ) boils down to the famous associativity equations for F [TJ [2j EJ 0] : 

d*F d*F _ d*F d*F 

i ' i^^.'v Cl-^;/ Cl^n £l™n ^ ' £l^n * ' 



dx a dx f3 dx s dx 1 dx v dx p dx a dx v dx & dx^dx^dx p 

Note that in the standard theory of the WDVV equations (see e.g. [D El El E]) it is further required 
that 

d 3 F 

dx^dxPdx 1 = ^' (45) 

where r] a p is a nondegenerate constant matrix such that r/a^r] 131 = 5%. 

However, in what follows we shall not impose ( l4"5j) and the so-called quasihomogeneity condition (see 
e.g. [H El El HI E] for the discussion of these conditions). 
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Upon assuming (1151) we find that the auxiliary linear problem (jHJ) also admits a reduction 

^« = r} a/3 dx/dxP. (46) 

This, along with (14"3"|) . turns ([9]) into the following overdetermined system of the Gauss-Manin equations 
for x- 

d2 xW = y pv d 3 F d x (X) m 

dx a dx~< dx a dx~<dxP dx u y 1 

This is nothing but ffTUj) after the substitution (H3l) . and again the associativity equations (jHJ) are nothing 

but the compatibility conditions for (l4"Tj) ; see e.g. [3j HI [30] for the discussion of geometric aspects of (14T1) . 

Using Theorem [T] in conjunction with ( l43l) and ( l46l) we recover the following result from [40] . 

Corollary 6 For any solution x(A) °f quantities 

X(A)— and X (\)x(-X) — 

are nonlocal higher symmetries for the associativity equations f(4\ )> i- e -> the equations 

dF 

JT = X A , (48) 
= X (A)X(-A) (49) 

<AA 

are compatible with ( f^J ). 

T/ie above flows can be (nonuniquely) extended as follows 

d x(tA A/i v0 dx(X) dxjfJ.) r , m 

<9r A A + /i dx" ' 1 J 

dx(/j) A/i v0 dx(\) dx(fi) , x] A/i V0 dx(-X) dx(fj) (x] 

d( x A + /i ; da^ ftr" Xl j A-//' ft^ Be" M ; ' 1 J 

In particular, this result means that x(A) and x(A)x( — A) satisfy the linearized version of (l4~4|) provided 

( T44l) and ( 1471) hold. Using the extended flows from Corollary [6] we readily obtain 



Corollary 7 All flows HM and ffW commute: for all values of parameters A and \x we have 



d 2 F d 2 F 8 2 F 6 2 F d 2 F d 2 F 



drxdr^ dr^dT X dr x d^ d(^dr x dC x dC» ^C^^Ca 
Perhaps a bit surprisingly, the proper counterpart of the flow ( 1491) for the oriented associativity equa- 
tions (jHJ) is not (1231) itself but a linear combination of the flows ( 125|) with the opposite values of A: 

^ = f(A) X (-A)+f(-AMA). 

Consider now a formal Taylor expansion in A for a solution x(A) of (jl 

oo 

x(A) = $> fe A fe . 

fc=0 
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Notice that using a slightly different expansion of x(A), involving also A -1 , enables one to construct 
solutions of the WDVV equations directly from x(A), see [58] and references therein. 

Eqs. fl41l) remain valid when xW satisfies (jITj) instead of (fTDl) if we substitute rj^dF/dx 13 for into 
the definitions of v% and (|41|) . Then expanding the symmetries from Corollary [DJ in powers of A yields 

Corollary 8 The associativity equations [J4\ ) have infinitely many symmetries of the form 



X P h =v%—, and Zf = J2(~^vH-^ k = 0,1,2, ... , a,(5 = l,...,n 

j=0 



and all associated flows, i.e., 



° F vl ^J£(-iy v> l p (52) 



commute: 



j=0 

d 2 F d 2 F d 2 F 8 2 F 8 2 F 8 2 F 



k, I = 0, 1, 2, . . . , a, (3, 7, 5, u, p = 1, . . . , n. 

Again, it is clear that the symmetries X k and Z k and the associated flows are nonlocal for k > 2. 

Note that the above results do not imply commutativity for all of the extended flows from Corollary [6J 

and therefore do not contradict the results from [551 HP) . On the other hand, using Corollary [3] we readily 

find that, in perfect agreement with [ID], the extended flows fjlHj) . (J5Dj) do commute, i.e., 

d 2 F _ d 2 F d 2 X (y) _ d 2 x(y) (53) 
drxdry dr X 'drx dr x dr X ' <9t a ,<9t a ' 

for all values of A, A' and \i. 

The quantities Xk coincide, up to a choice of normalization, with the densities of Hamiltonians of 
integrable bihamiltonian hydro dynamic-type systems associated to any solution of the WDVV equations, 
see Lecture 6 of [I] and e.g. [57], and references therein. It was mentioned in [I] that it is natural to consider 
these hydro dynamic-type systems as higher (Lie-Backlund) symmetries for the WDVV equations, because 
using these systems one can construct [I] the Backlund transformation for the WDVV equations. We have 
now seen that Xk and v k can also be interpreted as symmetries of the associativity equations fjUl) (and, upon 
imposing necessary restrictions on F and Xi °f the WDVV equations) in a far more straightforward manner. 



6 Intermediate integrals and Backlund-type transformations 

The compatibility conditions 

d 2 (w 2 )P _ d 2 {w 2 )P 
dx a dx v dx v dx a 
for ( 1361) with k = 2 yield precisely Eqs.([H]), and we have 
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Corollary 9 If the functions K a and G@ satisfy the syst 



em 



d 2 K? dKP dGP 

(54) 



dx a dxP dx~i dx a 
then K a automatically satisfy the oriented associativity equations (E)]. 

In particular, if under the above assumptions K a = 7] a/3 dF '/ 'dx 13 , where 7] a " is a symmetric nondegen 
erate constant matrix, then F automatically satisfies the associativity equations $44\ )- 



Just like ( 1541) . the compatibility conditions 

d 3 Vo d 3 i 



dx a dx^dx"/ dx^dx^dx a 
for (]4"U]) with k = 2 also yield nothing but Eqs.([H]), and we obtain 

Corollary 10 // the functions K a and G? satisfy 

Q2 K u dK (3 Q2QP 



(55) 



dx a dx"i dx v dx a dx^ 
then K a automatically satisfy the oriented associativity equations (TJ]]. 

In particular, if under the above assumptions K a = r] al3 dF '/ 'dx 13 , where r] a/3 is a symmetric nondegen- 
erate constant matrix, then F automatically satisfies the associativity equations ft44\ )- 

Thus, ( 154"]) and (|55l) yield a kind of intermediate integrals for ([8]) (or, if K a = rf^dFjdx^ , for 
( |44l) ). In the terminology of [51], [52], [55] [56], (|54j) and (|55]) also define coverings over ([H]) (respectively, 
if K a = r] af3 dF/dx^ , over ( ]44j) ): for any solution K a of (]H]) (resp. for any solution F of ( T441) ) there exist, 
at least locally, the functions G^ and G a such that (154^) and ([55]) hold. 

Moreover, we have the following observation. 



Corollary 11 If the functions K a and H a satisfy the system 

d 2 K? dKP d 2 H' 3 



(56) 



dx a dxP dx^i dx a dx~< 
then K a and K a = H a automatically satisfy the oriented associativity equations (TJj). 

Hence, ( 156]) provides a conditional Backlund transformation for ([H]): if K a satisfy (JHJ) and the conditions 

d 2 KP dKP d 2 K p dKP . . 
— (57) 

dx a dxP dx~f dxadxP dx a 

which are necessary for f]5B]) to hold, then there exist, at least locally, K a = H a such that (]561) holds and, 
moreover, these K a also satisfy ([8]). 

Setting K a = f] a/3 dF '/ 'dx 13 , where t] al3 is a symmetric nondegenerate constant matrix, in Corollary [TT1 
yields 

13 



Corollary 12 Let the functions F and H a satisfy the system 

dx a dxPdx u dx~fdx K dx a dx^ 

Then F automatically satisfies the associativity equations fiJ4\ ) and K a = H a automatically satisfy the 
oriented associativity equations (TJ|). 

In complete analogy with the above, (1581) provides a Backhand transformation relating the associativity 
equations ( 144"1) supplemented with the conditions 

:r d " F d2F = :r d " F d2F (59) 
dx a dxPdx v dx~<dx K dx^dxPdx" dx a dx K 

which are necessary for fl58|) to hold, and the oriented associativity equations ([8]) for K a = H a . 

Note that the system flB^l) was originally found and studied in [201 1221 123] (in [2DJ it was referred to 
as a condition for compatible potential deformation of a pair of the Frobenius algebras) because this sys- 
tem plays an important role in classification of compatible Hamiltonian structures of hydrodynamic type. 
Moreover, in [59] (cf. also [29J) it was proved that (|59|) is also equivalent to the condition of involutivity 
for a certain set of functionals constructed from the function F with respect to the constant homogeneous 
first-order Poisson bracket of hydrodynamic type associated with the flat contravariant metric rj af3 . 



7 Conclusions and open problems 

In the present paper we have found infinite hierarchies of nonlocal higher symmetries for the oriented 
and "usual" associativity equations (IE]) and (jSJ). These symmetries can be employed for producing new 
solutions from the known ones and for constructing invariant solutions using the standard techniques as 
presented e.g. in [4"9 | [5TI [52] . 

Moreover, it is natural to ask whether there exist nonlocal symmetries and conservation laws for (JHJ) 
(resp. for (1411) ) that depend on the nonlocal variables (1361) . ( HOI (resp. ( j40l) with K a = ^^dF/dx 13 ) in a 
more complicated fashion that the symmetries found in Corollary H] (resp. Corollary [8]) . For instance, one 
could look for potential (in the sense of [531 EO] and references therein) symmetries and conservation laws 
of (JSJ) involving the nonlocal variables ( 1361) and ( )40l) . 

The next steps to take include elucidating the relationship among the nonlocal symmetries of f j4"4l) from 
Corollary [6] and the symmetries found in [37] for the generalized (in the sense of [12]) WDVV equations. 
The relationship (if any exists) of the flows (|52l) to the flows (5.15) from [61] could be of interest too. 
Understanding the precise relationship of the symmetries from Corollary [8] to the tau-function and the 
Backlund transformations for the WDVV equations from [1] is yet another challenge. It would be also 
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interesting to find recursion operators or master symmetries for (jSJ) and (1441) that generate the hierarchies 
from Corollaries H] and [HJ 

Finally, it remains to be seen whether the Darboux-type transformation from section 2 and the results 
from section 6 could indeed yield new solutions for the oriented and "usual" associativity equations. 
We intend to address some of the above issues in our future work. 
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